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is assumed. The minimum ultimate tensile strength14 that
is acceptable for 6061 aluminum alloy in the T6 condition is
2.9 X 109 dynes/cm2 (see Appendix). The compressive
strength should be slightly higher than the tensile strength.
The magnitude of this difference cannot be stated unequivo-
cably until more accurate values of the relaxation are estab-
lished experimentally. It is significant, however, that damage
to aluminum via hypervelocity impact with the formation of
hemispherical craters can be related to the tensile strength
established by standard metallurgical techniques.

Work is performed on both the impacting particle and the
target in an inelastic impact. This work is derived from the
decay of energy of relative motion. As a metal target is
deformed (penetrated) it will resist penetration.

Pertinent equations are summarized as follows:

P = F/A

Fd = W = I/2mv* = KE

(1)

(2)

If the product of pressure and the surface area of the crater
is constant throughout the process of crater formation, then
the equations for uniformly accelerated (decelerated) recti-
linear motion apply:

F = ma

v* = 2ad

(3)

(4)

Combining Eqs. (1, 3, and 4), it is seen that the maximum
penetration in the target is given by the following expression:

d = m»*/2AP (5)

A commonly used form of the penetration equation may
be derived from uniform acceleration equations if a hemi-
spherical crater is formed. This equation takes the form

d/d' = craist(pp/pJ1'WCV)WI (6)

where the penetration depends on the one-third power of the
density ratio and the two-thirds power of the velocity ratio.

The impact of a steel projectile on an aluminum target
produces a cavity whose depth approximately is equal to its
diameter. Impact velocity was 4.2 X 105 cm/sec. This
formation of nonhemispherical craters, impact of steel on
aluminum, leads to data that do not correlate with the
damage model proposed. One possible explanation for this
apparent anomalous behavior may be that the steel pro-
jectile provides more resistance to flow (less viscous) than
projectiles of nylon, glass, and aluminum under the condi-
tions that prevail under impact.

Appendix
Four tensile specimens were fabricated from 6061-T6

aluminum plate used as targets hi this series of tests. The
experimental ultimate tensile strengths were as follows:

1) Transverse, 2.8216 X 109 dynes/cm2.
2) Transverse, 3.1265 X 109 dynes/cm2.
3) Longitudinal, 3.0605 X 109 dynes cm2.
4) Longitudinal, 2.8802 X 109 dynes/cm2.
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Triangular Plate Elements in the Matrix
Force Method of Structural Analysis

J. S. PRZEMIENIECKI*
Air Force Institute of Technology, Wright-Patterson
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The flexibility properties for the triangular plate
element are derived for a set of three independent
force systems acting along the three sides of the
triangle. These systems lead to very simple pat-
terns for the self-equilibrating (redundant) force
systems which may be used in the matrix force
method of analysis of structures with triangular
plates. The flexibility and relative thermal dis-
placement matrices derived for these force systems
can be included in the subroutine library of flexi-
bility properties in any of the computer programs
for the analysis of complex structures.

Introduction

THE use of triangular plates as basic elements in matrix
structural analysis is very attractive since such elements

can be employed in the idealization of nonorthogonal panels.
The triangular plate elements so far have been used mainly
in the displacement method of analysis1 in which the element
forces on the triangular plates are related to the corresponding
displacements through the stiffness matrices determined on
the assumption of linearly varying displacements. This as-
sumption leads to a compatible constant stress field that also
satisfies the stress equilibrium equations within the triangle.
Since the stresses vary from element to element there is, in
general, a discontinuity in stress distribution across the
boundaries of adjacent elements violating the boundary
equilibrium. The satisfaction of overall equilibrium of the
complete stress field is then achieved through the equilibrium
of equivalent element forces at common joints.

The concept of constant stress field in triangular plates
also can be applied to the matrix force method of analysis.
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This leads to the formulation of flexibility properties of tri-
angular plate elements that can be used in the analysis of
three-dimensional structures comprising not only triangular
plate elements but also other elements such as bars, shear
panels, and beams.2"4 The flexibility properties for a tri-
angular plate element of constant thickness will be derived
here by the application of the Unit Load Theorem4 to a set of
three independent force systems acting along the three sides
of the triangle.

Independent Force Systems

The element force-stress relationship based on the as-
sumption of linearly varying displacements (or constant
stress field) in the triangular plate shown in Fig. 1 is given by
the matrix equation1:

2/32

0
0 -Z32

2/32-£32

— 2/31 0 331

0 33l —2/31

2/21 0 — 321

. 0 -321 2/21J

where t represents the plate thickness (assumed to be con-
stant) and

= Xi — Xj =1,2,3 (2)

Out of the six forces FI . . . F& acting at the vertices of the
triangular plate, only three force systems are linearly inde-
pendent, because the six forces obviously must be related by
three equations of overall equilibrium. Three independent
sets of four forces, one applied force and three reactions, could
be selected but their selection would be dependent on the
orientation of the triangle and, in general, it would be dif-
ferent for each element. This situation can be avoided by
selecting three sets of edge forces Si, $2, and $3, as shown in
Fig. 1; these forces are independent from one another and
they are related to the forces FI . . . FQ by the matrix equation:

F3

t.

-Zi2 0 Z3i
- Wi2 0 m<
In -fes 0
W&12 — W23 0

0 fa -ki
0 m23 — m3i_

&
L&. (3)

where £;/ and mt-/ denote direction cosines for the direction
along the edge ij.

If only 81 forces are applied, then the stresses due to this
force system can be determined from Eqs. (1) and (3).
Hence,

= 2mi2
2 Si/ths

(4)

where /&3 denotes the triangle height measured from the
vertix 3.

It can be demonstrated easily that Eqs. (4) represent, in
fact, a constant stress:

0*12 ^ 2Si/tJi3 (5)
in the direction of the edge 1, 2. By cyclic changes of suf-
fices in Eqs. (4), stresses due to 82 and $3 can be obtained.
Combining the stress equations into a single matrix equation
the following stress-force relationship is obtained:

(6)

or, symbolically in matrix notation,

d = a S (6a)
where meaning of the matrix symbols is evident from Eq. (6).

Flexibility and Thermal Displacement Matrices

The element relative displacement-force relationship can
be determined most conveniently by the application of the
Unit Load Theorem4 which states that the relative displace-
ments corresponding to the forces S can be calculated from

v = ' edV (7)

where d represents the matrix of statically equivalent stresses
due to unit loads in the directions of S, and e represents the
exact strains. Since e is not known it may be assumed, as an
approximation, that the strains e are derived from the con-
stant stress field d.

The strain-stress relationship for thin plates is given by

+ aT [<] (8)

where E is the Young's modulus, v is the Poisson's ratio, a is
the coefficient of thermal expansion, and T is the temperature
change. For subsequent calculations, however, Eq. (8) will
be expressed in matrix form as

e = C d + B aT (8a)

From Eq. (6a) it is evident that d can be taken as

d = a (9)
Substituting Eqs. (6a, 8a, and 9) into (7), it follows that,

v = fS + H (10)

where
/• (IDi = C a dV

represents the element flexibility matrix and

H = aT f a' B dV
J v

(12)

represents the relative thermal displacements for S = 0.
Multiplying out matrices in Eqs. (11) and (12) and then in-
tegrating over the whole volume of the element, it can be
shown that f and H may be expressed as

sin03/sin0i sin02
(cos02 cot02 — v sin02)

_(cos0i cot0i — v sin0i)
2 c o 2 — v sin02)

sin0i/sin02 sin03
(cos03 cot#3 — v

flj. — v sin0i)~
— v sin03)

sm02/sin03 sin0i

and

H = aT

(13)

(14)

where 61, 6%, and 63 are the triangle angles shown in Fig. 1,
and §12, $23, and $31 represent the lengths of the three sides of
the triangle. It is interesting to note that the relative
thermal displacements H represent simply elongations of the
three sides of the triangle due to the temperature change T,
as it could be expected from physical reasoning.

Self-Equilibrating Force Systems

The structural idealization based on the concept of con-
stant stress in triangular plate elements can be represented by
a two-dimensional pin-jointed framework made up by the
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Fig. 1 Independent force systems S = (8182^3} on a
triangular plate element.

sides of triangular elements such that when adjacent sides of
two triangular plate elements meet, the corresponding frame-
work elements are represented by two parallel pin-jointed
bars. However, in contrast to a real pin-jointed framework,
where the flexibility of each unassembled bar element is
independent of other elements, the flexibilities of bar elements
in the idealized framework are coupled in sets of three bars
representing the three sides of a triangular plate element.

The self-equilibrating (redundant) force systems in the
idealized structure can be interpreted as sets of forces arising
from unit forces acting across fictitious cuts that are selected
in such a way that the idealized structure is reduced to a
statically determinate one. These systems form simple pat-
terns in a structure made up by triangular plate elements.
Some such systems for two-dimensional structures are shown
in Fig. 2. The two-element systems consist simply of a pair
of S forces belonging to two adjacent triangular elements
(Fig. 2a). Systems involving three or four triangular plate
elements are shown in Figs. 2b and 2c. Naturally, systems
comprising more than four elements also can be constructed.

a) 2-element system

b) 3-element system

c) 4-element system X=l

Fig. 3 Self-equilibrating force system consisting of a
triangular plate and edge stiffener.

The two-element system can be used even if two adjacent
plates are inclined. Furthermore, a system comprising only
one triangular plate element and a bar element can be con-
structed as shown in Fig. 3. Complex three-dimensional
structures, however, would require other types of self-
equilibrating systems which can be best generated from the
equations of equilibrium for the element forces S.
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A Property of Optimum Paths Common
to Newtonian and Uniform Force Fields

MAURICE L. ANTHONY* AND FRANK T.
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THIS paper is concerned with the path of a vehicle which
is required to pass through two prescribed points, PI and

P2, as shown in Fig. 1. For a given force field, this require-
ment imposes a relation between the speed and direction of
motion at PI. Three force fields are studied: 1) the New-
tonian or inverse square force field, 2) the uniform parallel
force field, and 3) the linear central force field. In each field
the path is found for which the speed Vi is a minimum.
For the first two fields, which are used most often in pre-
liminary analyses, it is shown that the associated flight path
angles are identical. A study of the third field shows that
this result is not true for general radially dependent central
force fields.

In a Newtonian force field the vehicle path is determined
in terms of the initial conditions by the following equations :

U" + U = COS20!i (la)

and at 0 = 0i = 0,
u = 1/ri
uf = —

where u = 1/r, a prime indicates differentiation with respect

Fig. 2 Self-equilibrating force systems in triangular plate
elements (two-dimensional structures).
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